In this paper, we study the existence and uniqueness of solutions for impulsive multi-orders Caputo-Hadamard fractional differential equations equipped with boundary and integral conditions. The Banach, Schaefer, and Rothe fixed point theorems and degree theory are used to establish our main results. Examples illustrating the main results are presented.
Introduction
During the last years, fractional calculus has gained considerable importance due to the applications in almost all applied sciences. It was pointed out that fractional derivatives and integrals are more convenient for describing real materials, and some physical problems were treated by using derivatives of non-integer orders. For details, and some recent results on the subject we refer to [-] and the references cited therein.
It has been noticed that most of the work on the topic is based on Riemann-Liouville and Caputo type fractional differential equations. Another kind of fractional derivatives that appears side by side to Riemann-Liouville and Caputo derivatives in the literature is the fractional derivative due to Hadamard introduced in  [] , which differs from the preceding ones in the sense that the kernel of the integral (in the definition of Hadamard derivative) contains a logarithmic function of arbitrary exponent. Details and properties of the Hadamard fractional derivative and integral can be found in [, -]. However, this calculus with Hadamard derivatives is still studied less than that of Riemann-Liouville.
On the other hand, integer order impulsive differential equations have become important in recent years as mathematical models of phenomena in both the physical and the social sciences. There has a significant development in impulsive theory especially in the area of impulsive differential equations with fixed moments; see for instance [-] .
Recently in [], Wang et al. studied existence and uniqueness results for the following impulsive multipoint fractional integral boundary value problem involving multi-order fractional derivatives and a deviating argument:
denote the right and left hand limits of u(t) and u (t) at t = t k (k = , , . . . , p).
In , Wang et al.
[] established the existence of solutions for a class of nonlinear impulsive Hadamard fractional differential equations with initial condition of the form
where H D α  + is the left-side Hadamard fractional derivative of order α with the lower limit  and H J -α  + denotes left-side Hadamard fractional integral of order  -α. The existence results were obtained by using the Banach contraction principle and Schauder's fixed point theorem on the weight spaces of piecewise continuous functions.
The Hadamard and Riemann-Liouville fractional derivatives have one similar property, which is the fact that the derivative of a constant is not equal to zero. It is caused by the definitions of them containing the usual derivative outside the integrals. In , Jarad et al. [] presented the modifications of the Hadamard fractional derivative into a more suitable one having physically interpretable initial conditions similar to the Caputo sense. In , Gambo et al. [] proved the fundamental theorem of fractional calculus, some interesting results and also semigroup properties of Caputo-Hadamard operators.
In this paper we are concerned with the existence of solutions for boundary value problems of impulsive Hadamard fractional differential equations of the form
is the Hadamard fractional derivative of Caputo type of order
is the Hadamard fractional integral of order q i > , i = , , . . . , m. The jump conditions are defined by
The paper is organized as follows: Section  contains some preliminary notations, definitions and lemmas that we need in the sequel. In Section  we present the main results for the problem (.), where existence and uniqueness results are proved by using Banach and Rothe fixed point theorems, Leray-Schauder alternative and degree theory. Examples illustrating the obtained results are also presented.
Preliminaries
In this section, we introduce some notations and definitions of Hadamard fractional calculus (see [] ) and present preliminary results needed in our proofs later.
, and [α] denotes the integer part of the real number α and log(·) = log e (·).
Definition . The Hadamard fractional integral of order α is defined as
The key tools for proving of our results are based on the following fixed point theorems. 
Theorem . [] Suppose that A :¯ → E is a completely continuous operator. If one of the following conditions is satisfied:
(i) (Altman) Ax -x  ≥ Ax  -x  , for all x ∈ ∂ , (ii) (Rothe) Ax ≤ x , for all x ∈ ∂ , (iii) (Petryshyn) Ax ≤ Ax -x , for all x ∈ ∂ , then deg(I -A, , θ ) = ,
Theorem . [] Let E be a Banach space. Assume that T : E → E is a completely continuous operator and the set
Then the solution of the problem (.) is equivalent to the following integral equation:
Proof By Lemma ., the solution of (.) on interval J  can be written as
where x  ∈ R. For t ∈ J  , by using Lemma . and the impulse condition x(t  ) = ϕ  (x(t  )), we obtain
Again, for t ∈ J  , we have
Repeating the above process, for t ∈ J, we obtain
Applying the boundary condition of (.), it follows that
which leads to
Replacing the constant x  into (.), we obtain (.), as desired.
Main results
Let PC(J, R) = {x : J → R; x(t) is continuous everywhere except for some t k at which x(t In this section, we investigate the existence and uniqueness of solutions for the problem (.) via a variety of fixed point theorems by defining an operator K : PC → PC as
Clearly, the boundary value problem (.) becomes a fixed point problem x = Kx.
For convenience, we set the notations of constants, thus
Theorem . Assume that f : J × R → R and ϕ k : R → R, k = , , . . . , m, are continuous functions which satisfy the following conditions:
Proof We define a closed ball B r by B r = {x ∈ PC; x ≤ r} where r
We will show that K : B r → B r . For any x ∈ B r , we have
Then KB r ⊆ B r . Next we will show that K is a contraction mapping. For x, y ∈ B r , we get
Since (L   + L   ) < , the operator K is contractive. Hence K has a unique fixed point on B r . Therefore the problem (.) has a unique solution on J. 
Then the problem (.) has at least one solution on J.
Proof Define a ball B ω = {x ∈ PC; x < ω}. The proof is divided into  steps.
Step . We will show that K is continuous. To prove this, we let {x n } be a sequence in PC such that x n → x as n → ∞. Then we have
.
Using the continuity of f and ϕ k for k = , , . . . , m, we have |f (t, x n ) -f (t, x)| and |ϕ k (x n ) -ϕ k (x)| vanish as n → ∞. Therefore Kx n -Kx → , which yields the continuity of the operator K.
Step . K maps a bounded set into a bounded set. For each x ∈B ω , we have
which yields the boundedness of KB ω . Example . Consider the boundary value problem for an impulsive multi-order Hadamard fractional differential equation of the form
Hence the assumption (H  ) of Theorem . holds. Therefore the problem (.) has at least one solution on [π/, π].
Example . Consider the boundary value problem for an impulsive multi-order Hadamard fractional differential equation of the form
x(t i+ ). 
